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1 Introduction

European countries experienced a large market integratibims process has
speeded up dramatically in the last two decades, e.g. tlytesmarket in the
1990s in European country and the adoption of a single ccyrefhese devel-
opments raise the possibility of the contagion of macroenan volatility across
countries. European market integration is known for morehlyonized national
business cycfe

In the present study, we analyze the co-movement of endogdngsiness cy-
cle in two-large countries in a Heckscher-Ohlin world whesentries only dier
with respect to their rate of time preference. Endogenoasbss cycle are driven
by changes in expectations about the fundamental. Thisgeh@nexpectaton is
based on the concept of sunspot equilibrids shown by Woodford [35], the
existence of sunspot equilibria is related to the indeteaty of the equilibrium
under perfect foresight, i.e. the existence of a continutiegailibrium paths con-
verging towards one steady state from the same initial vailtiee state variable

The infinitely-lived agent model is the standard framewarlstudy such is-
sue. However, the steady state rental rate of capital isuehrccharacterized by
the rate of time preference. Therefore, in a world with hedeneous rates of
time preference across countries, there exi$erint steady state rental rates of
capital. It follows that the world steady state rental réteapital is not uniquely
determined and that at least one country is specializedeasttrady stafe The
major part of the literature has focused on the introductibmarket failure to
investigate the interlinkage of endogenous business aydlgo-large diversified
economie$

A more convenient framework to study the co-movement of gedous
business cycle in two-large diversified economies is thelapping generations

Artis and Zhang [2] shows that after the European Exchande Riéchanism, european

countries experience more synchronized national busiyeds.
2See Shell [31], Azariadis [3] and Cass and Shell [9]
3See Baxter [4] and Stiglitz [33].
4See Nishimura et al. [23, 24, 25] introduces decreasingnstio scale, Nishimura and Shi-

momura [21] introduces sector-specific externalities, @héjlino [16] introduces technological

externalities.



model (OLG). Indeed, an OLG economy can simultaneously haterogeneous
rate of time preference and a common world steady statel nexteaof capital
implying that both countries may be diversified at steadiesteSeveral papers
are devoted to open economy. Galor and Lin [15] and Biandgniliscuss trade
pattern with diferences in rate of time preference or taxation. Cremers$Xtn-
cerned with the dynamic gains from trade where countrifsrdonly on their rate
of time preference Unfortunately none of these studies consider the inteatie
of endogenous business cycle in two-large country tradesthod

The existence of endogenous fluctuations has been demexdsfoa two-
sector OLG closed economy with one consumption good sinder G&4], Re-
ichlin [30] and Venditti [34]. Reichlin [30] exhibits the gsibility of endogenous
fluctuations in a two-sector model under Leontief technplwgile Galor [14] and
Venditti [34] consider a two-sector model upon standardaat technologies.
The occurrence of endogenous fluctuations and local indétacy fundamen-
tally depend on the capital intensity hypothesis (a cajt&nsive consumption
good) and the allocations of factor between sectors. Indaedallocation causes
fluctuations of the capital accumulation path which may bpadrtant enough to
be spread in the economy.

In the present paper, a two-sector two-country OLG modéd twib consump-
tion goods based upon generic sectoral technologies isd=ed based on Le
Riche et al. [18]. There are one consumption good and onechgred which
can be either consumed or invested. We assume a unitaricgyast intratem-
poral substitution between the two consumption goods andnaolgenous life
cycle utility. The two countries are identical in all aspeeicept for their rate
of time preference. Furthermore, factors are internatipiramobile. Our main
objective is to identify whether or not market integraticesha stabilizing or a

5See Bianconi [6], Buiter [8], Cremers [10] and Galor and Li5]]
6See Naito and Zhao [20] for a discussion of gain from tradd wifference in population

growth.
7In a two-country one-sector OLG model, Aloi and Lloyd-Brgtjpassume that one country is

characterized by labor market rigidits and the other cguiatcharacterized by a competitive labor
market. They show that market integration may bring maeynemic stability and ficiency if

the competitive country operating at full employment beesra net importer of workers.



destabilizing &ect. In autarky regime, building on the homogeneity of thktyt
function we provide a simple condition for the existence stfeady state. We then
show that each country exhibits endogenous business chee the consumption
good is capital intensive. In trade regime, we derive the frade equilibrium and
the steady state equilibrium. First, we determine a simptalition where each
country will produce both goods at steady state. Second aeacterize the trade
patterns, and show that the patient country is a net expoftére capital inten-
sive good. Third we characterize the international endogsibusiness cycle. We
provide a numerical exercice which highlights the stahitizeffect of the trade
regime, i.e. market integration will reduce the scope ofogiahous fluctuations.
Finally we conclude that a fiscal policy rules can prevengtkistence of business-
cycle fluctuations in the world economy by driving it to thetiopal steady state
as soon as it is announced.

Our main conclusion can be compared to one contributiorirtgalith the ex-
istence of endogenous fluctuations in large country tradgetehere country re-
mains diversify. Nishimura and Shimomura [21] consideliitifi@itely lived agent
framework in which sector-specific externalities are idtroed in a continuous-
time version of the Heckscher-Ohlin model. Assuming thetit@logies are cobb-
douglas and identical across country they show that if botmtries are charac-
terized by endogenous fluctuations in autarky regime themwtrld market is also
characterized by endogenous fluctuations once trade &pens

This paper is organized as follows. Section 2 describesutagky equilibrium
of the two countries and the autarky endogenous busine$s. cgection 3 char-
acterizes the free trade equilibrium along with the dynagfficiency properties
and the pattern of trade. Section 4 provides the existeneaddgenous business
cycle under trade regime. Section 5 contains a numericatiseeto highlight the
trade dfect on the stability properties of the countries. Sectiors6ukses a fiscal
policy rule. Concluding remarks are in Section 7 and the fsrace gathered in a
final Appendix.

8Sim and Ho [32] consider a similar framework in which one doyiis characterized by sector-
specific externality and the other is not. Assuming that anmtry is characterized by endogenous

fluctuations in autarky, and not the other, they show thatthid market is stabilized.



2 Autarky

This section describes a single closed two-sector ovargpgpenerations econ-
omyi = {N, S} with two consumptions goods and general formulation with-no
zero factor substitution in production presented in Le Riehal. [18].

2.1 Technology

Consider a competitive economy in which there are two sectore representative
firm for each sector and each firm producing one final good.igettonomy there
exist two goods: one consumption goggand one mixed good' which can be
either consumed or invested. The consumption good is takamameraire. Each
sector uses two factors, capitél and laborlL', both factors are mobile between
sectors. Depreciation of capital is complete within ondquér Ki., = Y{ - Z

with K!,, the total amount of capital in perigd- 1 andz; the consumption share of
the mixed good in periotd A constant returns to scale technology is used for each
sector:Y) = FIO(K0, L'0), Y = F(K', L'1) with K" + K1 < K', andL®+ L'* < L,

and satisfy the following properties:

Assumption 1L The production function F: R, — R,, is C?, increasing, con-
cave, homogeneous of degree one and satisfy the Inada iomsdsiuch that for
anyy > 0, F}(0,x) = FJ(x,0) = oo, FJ(c0,x) = FJ(x, ) = 0, j = {0,1} and
i ={N,S]}.

Let define the production possibility frontier by the sogmbduction function
T (KL YL LY):

T (KLY, L) = mﬂv& Y < FRK™ LY, KO+ Kt <K, Lo+ Lt < L)
1)

Under Assumption 1, the functioh' (K‘,Yi, L‘) is homogeneous of degree one,
concave andC?. Denotingr' the rental rate of capitaly' the price of the mixed

%In a two-periods OLG model, full depreciation of capitalistified by the fact that one period

is about thirty years.



good andv the wage rate, all in terms of the price of the consumptiordgasing
the envelope theorem the following three relationshipsihol

ri (Ki,Yi, L‘) = T‘l(Ki,Y‘,Li)
p (KLY, L) = =Ty (K Y, L) )
w (K‘,Yi, L‘) = Tg(Ki,Y‘,Li)

The relative capital intensity flerence is derived from the factor-price frontier

o =5 (& - &) ©
The sign ofb' is positive (negative) if and only if the consumption goodaisor
(capital) intensive. The Stolper-Samuelsdfeet and the Rybczynskiffect are
determined by the factor-price frontier and the full emph@nt condition and ex-
plained by the relative capital intensityfidirence. Indeed, under a consumption
good labor intensive, the Stolper-Samuelson states thatcasase of the relative
price decreases the rental rate of capital whereas the Ryskizefect specifies
that an increase of the capital-labor ratio decreases tdwiption of the consump-
tion good and increases the production of the mixed goodhEtumore, from the
GDP functionT' (Ki, Y, Li) +p'Y =wL' +r'K', we get the share of capital in the
economy:

S (KLY, U) = sy @)

2.2 Preferences

Consider an infinite-horizon discrete time economy thabisytated by overlap-
ping generations who live for two periods: young and old. &tteperiod, a new
generatiorN! is born. The population is constant over time and normaliaeshe.

In the first period, young agents inelastically supply oni¢ einabor and receive

an income. They assign this income between sagjngnd the consumption of
the composite goo@} over the bundle of goodg},.c;,). In the second period,
old agents are retired. The return on saviRg, #;, give their income which they
spend entirely in the consumption of the composite gb'gq_l over the bundle of
goods(dgm, dilm). An agent born in period t has preferences defined over con-

sumption of the composite go&@j andD!_,. Intertemporal preferences of agents
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are described by the following CES utility functitin

U (c{, Dliijl) = (c;)— +5i(£.+1) y (5)

Moreover, each agent has an intratemporal preference wlitiehn across age:

Ci = (ch) (ch)" ™. Dlus = (dhens) * (dhrer) ©)

whered' is the discount factot], (resp.é.) is the share of good 0 in the composite
Ci (resp. Di,,), ¥' is the elasticity of intertemporal substitution in consuiop
andI' is a scaling constant parameter. Agent born in petibds to solve the
optimal composition of the composite goodisand D}, , which are derived from
the following static optimizations:

14,

N L\ 1-0 . . . o
max{(c,,) *(c “1x..Cl =, + pc
na 0Lt 1t Moty = Cop + PiCpy (7)
Cot:Cat
. o . 1-¢i . ) . ) )
| d | d | | _ | | |
g m%x {(dO,t+1) (dl,t+1) | 7g1+1Dter = doen + pt+1d1,t+1} (8)

0t+1° 1 t+1

Whereyrig,S is the price of the composite good wigh= {c,d}; s= {t,t + 1}. Solving
the first order conditions gives:

. .. . . 1_92 ”ic Ci . i 1_9i: . —HL
Gl = ik, Gl ¢, = R = () ()™ ©)

. o . (-6, Dy o, -6y N6,
dhess = Ol 1Dy Uy = st = (B () (10)
Under perfect foresight{, R, andx, are considered as given. A young agent
born at period t solves the following dynamic program:

C{’Dlnl

D : o o . S
max{U (G552 1w =+ oDl =R} QD

10All the conclusion of this paper can be obtained with a gdreenacave and homothetic utility
functionU (Ci %).
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Solving the first order condition gives:
mCi= ol ([ w = —

rln ] i y-1
dt+1 l+(6') (;Hll ct]
Tdt+1

(12)

wherea! (?ﬂl “) € (0, 1) is the propensity to consume of young agent. From the

budget constraint (38), the saving function is obtaigéd 1 — o (R“l “) In the

I'n dt+1
following, we assume that the saving function is increasiiy respect to the

gross rate of returi'.

Assumption 2 y' > 1.

2.3 Dynamic equilibrium

The dynamics of the economy is described by the evolutiomefcapital stock
and the market clearing condition for good 1:

i w‘(k{y{) 1-a O'r' (K1 Y1) } -0 13
kf+l pl‘k{’y{j { (07 |:1"ipi(k{ )/il)glc:pi(ki+l yi+1)1—9:j ( )
K, — i+ (1 o) Kok o+ (1- ) 28 — 0 (14)
i\ 16 (i
with a constant tern®' = % The set of admissible paths is defined as
l 9I C HI
follows:
Je{mer=TR K ysmKy, a9

wherek is solution ofk — Fit (ki, 1) = 0. A perfect-foresight competitive equilib-
rium, defined as a sequence of allocatigisy.}>>,, satisfies the two dierences
equations (13)-(14) for every period t, with the p(dqg y'o) given.

2.4 Steady state andfficiency properties
A steady statki, y}) = (k",y") is defined by:

Ki* — V:(E ;ﬁ) {1 o [ oir (i, )LH)C : l} 0 (16)

rip (Ke.y+)

7



oK~y + (1- 9)1@*%—"% +(1- @)“’7(%%—0 (17)

The steady staték'*,y'*) depends on consumption and production behavior,
e.g. the propensite to consume of young agerand the capital-labor ratio, and
is parameterized by the elasticity of intertemporal stibtin in consumptiory’'.
Indeed, any variation of' will induce a change of the propensity to consume of
young agent' and the capital-labor ratik .

To guarantee that the steady state remains unaltered yivany, the steady
state(ki*, yi*) is normalized by using two scaling paramet@l’f‘s@i )

Let definey' = kl, the output-capital ratio, the inverse gfrepresents the
share of the mixed good which is invested. From (17) tharag:qﬂarameteﬁ'
lies between 0 and 1 iflies between/ andv', with V<V

i —dg. —i 1-(1-¢)d6}
Y= T = 19)

Then, the following Proposition holds:

Proposition 1 . Under Assumptions 1-£k‘*,y‘*) is a normalized steady state if
and only ift* = T' (k*,y",¥') > 0 andé, = ¢, (K", y") € (0,1).

Proof: See Appendix 7.1. ]

Assumption 3 I' =T (k",y*, ') andé = 6} (K", y").
Let us defineR the stationnary gross rate of return at steady state

. e i sl(kl )
R (K-Y") = w7 (19)
The Golden-Rule level is given b = 1. If R > 1, the steady state”* is

lower than the Golden-Rule level, i.e. afiieient normalized steady state. From
Drugeon et al. [13], the following lemma holds:

2¢

Lemma 1 . Under Assumptions 1-3, lef = 2

. Then an intertemporal
competitive equilibrium converging toward the NSS is dyinally eficient if

o' € (e/, 1), and dynamically ingicient if o’ € (0, /).

8



To get positive value fotr' and to consider empirical plausible value for the share
of capital in the economy, the following assumption is made:

Assumption 4 s € (% %)

2.5 Autarky business cycle

This section states the result on autarky business cyclehahwhis study is built.
Local indeterminacy is defined as the existence of a contmabiequilibrium
paths converging around one steady state from the sama watue of the state
variable, it allows the introduction of sunspot shocks tean impulse to shock
in economic fundamentals. To proceed to the analysis of tbarcence of local
indeterminacy, let introduce the share of capital in tatabme and the elasticity
of the rental rate of capital:

. Ti ki*,yi* ki*
Slrk == 1Tl|1( ki*’yig (20)

In two-sector OLG model under gross substituability, loicadeterminacy
occurs when the consumption is capital intensive. The Votlg Proposition
presents the occurrence of endogenous fluctuations, agxtlgifollows from re-
sult of Le Riche et al. [18]:

Proposition 2 . Under Assumptions 1-4, if the consumption is capital isitex
there existg!,, & b and@i, such that any steady state is locally indeterminate if
one of the following condition is satisfied:

i|a e (%, %), 6. < éi, Ve (17, vio), b > [_Ji, z-:irk € (girk,Eirk) andy' € ()/i’rr,yi’(H);

ija <a,v'e (vio, v'3) b e (bia, b'2) g <&, andy > y7.

Proof: See Appendix 7.2. ]

Remark 1 It has to be noting that in Propositiah—i] v’ correspond to a Hopf

bifurcation value leading to quasi-periodic cycle whicledocally indeterminate



in a right neigborhood of/"*, while y"” is a Transcritical bifurcation value in-
ducing the existence of a second steady state which is yoga#itable in a right
neighborhood of” . Moreover, in Propositio2—ii | y” correspond to a Flip bi-
furcation value brought about to period-two cycle which kexeally indeterminate

in a right neigborhood of"”

To illustrate all the various case of Proposition 2, let assihe following
characterization of the technology:

. P
FiO(KiO, LiO) _ [Iui (Kio)_p N (1_Iui)(|_i0)_p] / 21)
Fil (Kil, Lil) — min{%f’ Lil}
with ' > 0, 4' € (0,1) andp' > —1. The sectoral elasticities of capital-labor

substitution are given by' = . Then the social production function is defined
0
as:

T (KLY, L) = [u‘ (K =)+ (14 (L - Yi)_pi]_p% (22)

To show that #icient endogenous fluctuations are empirically plausibke, w
consider the following set of parametergl = 0.9998657 = 0.0224. =
0.125p' = 3,k = 045,y = 0.9,v' = 2,y = 2. We get an fiicient steady state
with o' ~ 0.53 anda' ~ 0.03. The corresponding share of capitatis: 0.49. We
find the share of the consumption good 0 in the composite @gd 6}, ~ 0.99,
and the relative capital intensityftitrenceb’ ~ —4.28. We obtain the elasticity of
the rental rate of capitaf, ~ 1.68. Then the ficient normalized steady state is
locally indeterminate for any' € (y‘ff,yi””). Proposition 2 is guaranteed for any
b € (-6.99,-4.18), v € (1.98,2.12), &, ¢ (0.38 1.68) andy' € (1.69, 2.55).

To show that inflicient endogenous fluctuations are empirically plausibée, w
consider the following set of parameterg: = 0.5,7' = 0.28,6. = 0.99,p' =
0.5,k =065y = 0.735V = 1.13,y' = 265. We get an inlicient steady state
with o' ~ 0.21 anda' ~ 0.49. The corresponding share of capitasis: 0.33. We
find the share of the consumption good 0 in the composite @gd 6}, ~ 0.79,
and the relative capital intensityfiérenceb’ ~ —1.39. We obtain the elasticity

10



of the rental rate of capitaf, ~ 0.31. Then the inficient normalized steady
state is locally indeterminate for amy> y"” . Proposition 2 is guaranteed for any
b' € (-1.99,-1.16), ' € (1,1.26), &}, < 1.39 andy' > 264.

3 Free trade

In this section, a world that consists of two countries, Nahd South, which
are identical in all aspects except for their normalized ddttime preference, i.e.
I'NsN # I'S¢S, is introduced. Country = {N, S} is described by the economy
presented in Chapter 1, namely a two-sector Overlappin@f@éons model with
one consumption good and one mixed good. The factors of ptimadi) capital
and labor, are immobile across countries. The two consumgtbods are freely
tradable between the two countries. Thus the relative pfitee mixed good will
be equalized across North and South. International leratgigoorrowing are not
permitted and the population in both countries are norradlib one. Let denote
xil’t (xio’t) the net import of the mixed (consumption) good. Each petiade is
balanced , i.ex;, + piX;; = 0. Through this paper, it is assumed that North and
South produce both goods.

3.1 World dynamic equilibrium

Producers in North and South have access to the same honoagetieehnology
functionsT (K{, Yi, L}), i = {N, S}, so that the existence of a world social produc-
tion functiont (K", ¥, L}") is given by

(KWL L) = T (KN YL LY) = T (K8, YELP) (23)

whereK" = KN + KS the aggregate capital stock” = YN + YS the aggregate
production of good 1 and" = LN + LS the aggregate labor force. From the GDP
function 7 (K¥, Y, L") + pY" = wL" + rK", we get the share of capital in the
economy:

(K L) = vy (24)

11



The world maximization problem is:

o max (KLY TR+ KE < KEYY + Y8 < v Yy + 1P < 1Y)
(25)
With similar technology and free trade in goods the maxitnraproblem (25)
implies that factor prices are equalized (envelope thefirem

F(KE Y L) = 1 (KE Y LY,
p (K, Y L) = —2 (K, Y L), (26)
WK, Y L) = 7 (K Y LY.
Let define thex = 'E—VVVV ands = E—VWV the dynamics of the world economy is described
by the evolution of aggregate capital stock and the worldwetariearing condition
for good 1:

W(kt.4t) N Or (kt+1,4t+1) S Or (ks1,4441)
K - ) 2—-a - - = =0
L 2p() { [ TN p(kt,¢0)% Pkt 1.4e+2)T 7 ] [ TS p(kt,2t)% plkes 1.241) >0 ]}

(27)
Ockior — £+ (1= 0a) kS + (1— ) Beed) = 0 (28)

The set of admissible paths is defined as follows:
Q={(k.{) e R? |k <& & < 3[FH (KN 1) + F (k8. 1))} (29)

wherex is solution ofx — %[Fl(k'\‘, 1) + Fl(kts, 1)] = 0. A perfect-foresight
competitive equilibrium, defined as a sequence of allooatig, {i};-,, satisfies
the two diferences equations (27)-(28) for every period t, with the pgi o)
given.

3.2 Hficiency properties
A steady statéx, &) = («*, ") is defined by:

& — W L) {2_ aN[ or(x ) ]_ as[ Or(c" L) ]} -0 (30)

2p(c.2°) TN p(r ) PSp(e 7)o
Ock” = £ + (L - ) 1 Hod + (1- 6) Hd = 0 (31)

12



Again, the normalization procedure of Proposition 1 is usekeep the same
steady state when the preference and technology parancbtange. Let define
v = % the output-capital ratio at the world level, the inverser oépresents the
share of the mixed good which is invested. From (17), theirsggdarametety
lies between 0 and 1 if lies betweery andv, with v < v:

2—(aN+aS)HC 2—-(1-3s") (aN +as)9c

Y= 2-aN-aS) V= 2—aN-aS)(1-sv (32)
( ) ( ) (1-sv)

Then, the following Corollary holds:

Corollary 1 . Under Assumptions 1-%*, /*) is a normalized steady state if and
only if TN = T'(«*, £*,7), TS = 1 andfy = 64 («*, {*).

Proof: See Appendix 7.3. ]

Assumption 5 TN =T (x*,£*,y), I'S = Land6y = 64 (x*, {7).

Let definea the propensity to consume of young agent in the world economy
andR the stationary gross rate of return at steady state

" = 3(a" +0%), R= e (33)
The Golden-Rule level is given by = 1. If R > 1, the steady staig*, /*) is
lower than the Golden-Rule level, i.e. aflieient steady state. From Drugeon et

al. [13], the following lemma holds:

Lemma 2 . Under Assumptions 1-2 and 5, let' = % . An intertemporal

dynamic equilibrium converging towards a NSS is dynamycgficient if oV €

(QW, l), and dynamically ingcient ifa" € (O, g‘”).

In order to get positive value far”, the following assumption is made:

Assumption 6. 8" € (% %)

13



3.3 Pattern of trade

Let consider the long-run trade properties of the model nfimitely-lived agent
model the steady state gross rental rate of capital is ulyigietermined by the
rate of time preference. Therefore, in a world with two co@stwhich diter only
on their rate of time preferences a world steady state cabencharacterized by a
common rental rate of capital It follows that at least one country is specialized
in the steady state. Contrarily, in the OLG model with two miies which difer
only on their rate of time preferences a world steady statehlaeacterized by a
common rental rate of capital. It follows that at the steatdesboth countries
can be diversifiedf. However, North and South can trade and produce both goods
during the dynamic transition while in the long-run equilitm one of the two
countries can be specialized in one of the two goods.

Let suppose thdtNsN > I'SsS such that the North is the more patient country.
As a result the comparative advantage are driven by tfierdince in the rate of
time preference, thus North has a comparative advantagpe iprbduction of the
capital intensive good:

Proposition 3 Consider a locally saddle path stable world trade equilibri and
a steady state trade equilibrium in which North and Southidemntical in every
aspect except for the rate of time preference, &N # I'S6S. Then, the more

patient country exports the capital intensive good.

Proof: See Appendix 7.4. ]

Consequently, the patient country will be a net exportehefdapital intensive
good while South will be a net importer of the capital inteesjood. Thus if the
consumption is labor intensive, the patient country haghdristeady state level
of capital labor ratio and a higher price of the mixed goodthize impatient
country.

11See Baxter [4] and Stiglitz [33].
12See Bianconi [6], Buiter [8], Cremers [11] and Galor and Li&]|
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4 International endogenous business cycle

We focus on local stability of equilibria when the consuroptigood is capital
intensive, i.e.b < 0. As in autarky regime such capital-intensity configunatio
may be related with endogenous fluctuations.

Proposition 4 . Under Assumptions 1-2 and 5-7, if the consumption is chpita
intensive, there exists, , &, b andé, such that any steady state is locally inde-
terminate if one of the following condition is satisfied:

i|ae (%,5), Ve (Z’ vz), b>bhs, 0<6, &€ (§rk’a’k) andvy € (yT,y(H);

iJa<a,ve (Z’ vo) ,b e (bs, ), & < ene andy > 7.

Proof: See Appendix 7.5. [

It has to be noting that in Proposition-4i | y** correspond to a Hopf bifur-
cation value leading to quasi-periodic cycle which are llgagadeterminate in a
right neigborhood of”, whiley” is a Transcritical bifurcation value inducing the
existence of a second steady state which is locally unstatderight neighbor-
hood ofy”. Moreover, in Proposition 4 ii | y” correspond to a Flip bifurcation
value brought about to period-two cycle which are locallyaterminate in a right
neigborhood ofy”. To conclude whether or not that trade can have a stabiliz-
ing or a destabilizing féect, it is necessary to compare the simulation result of
Proposition 2 and 4.

4.1 A CES-Leontief economy

The theoretical result is discussed by a numerical exetoisgnphasize the ef-
fect of a common market under free trade regime. To illusttiaé two cases of
Proposition 4, let assume that North and South are chaizatdoy the following
technology (21)-(22). The world social production is giv®sn

T (ke G l) = T (KN, YN, LN) = T(KS, Y3, L9) (34)
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Under Assumptions 1 and 7, similar technology and free tiadgods, factor
price equalization holds at steady state:

(4 0) =110 8 1) = Ty (KN YN, LN) = Ty (KS, Y5, LS),
Pk.L1) = -T2 (k. £, 1) = =To (KN, YN, LN) = —T, (KS, Y5, LS), (35)
Wk, £,1) = 73 (6, £, 1) = T3 (KN, YN, L) = T4 (KS, Y5, LS).

Furthermore, as technology are identical between NorthSmdh, the relative
capital intensity dference is the same across countries:

b=bN=bS (36)

Finally let derive the propensity to consume of young agetité world economy
a" and the share of capital in the world econogfy

a"=1-{, "= O (37)

The critical bounds of Proposition 4 are derived by the patamvalue used
in the simulation of the autarky regime, in order to know tlkee of trade in
consumption goods on the occurence of endogenous fluatsatibNorth and
South.

4.2 An dficient endogenous fluctuations

Efficient endogenous fluctuations occurs in North and Southruhéddollowing

set of parameters = 0.999865n = 0.0226, = 0.125p = 3,k = 045y =
09,v = 2,y = 2. We use the same set of parameters to simulate the world
market business cycle, i.e. the casén Proposition 4. In doing so, we obtain
similar numerical result between autarky and trade reginteaditerent inter-

val for the bifurcation parameter: the elasticity of theemémporal substitution

in the consumptiory. Indeed, in autarky regime, the admissible range is
(1.69= y7,,» 255 = y4,,) while in the trade regime € (1.7 = y7, .. 254 = y7,.,).
Then the following Proposition holds:

Proposition 5 . Under Assumptions 1-7 and for given parameters

N S Qw T T H H i
a”, @, 8", &k, Vaue Yeree Yaur @Nd Vi NOrth and South are in a free trade
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regime, then the following result holds:

iJifye (1, yZut) U (y'/’jut, oo) North and South are locally determinate;,

i11f Y € (Yhuw Yireo) U (Yoo ¥4y), North and South are subjected tgieient
endogenous fluctuations in autarky but are stabilized ia frade regime;

iii | if v € (¥ e Vitee) NOIth and South are subjected tgfieient endogenous

fluctuations in autarky and in free trade regime.

This Proposition emphasizes two elements. First, it shoasit North and
South are subjected to local uniqueness of the equilibriuautarky they have
the same behavior in the trade regime. Second, it showsftNatrih and South
are subjected tofcient endogenous fluctuations in autarky they could eitteer s
bilized or still &fected by éicient endogenous fluctuations in the trade regime.
Trade regime has a stabilizingfect for both countries. This result is similar to
the main conclusion of Nishimura and Shimomura [21]. Cosgidy a contin-
uous Heckscher-Ohlin model with cobb-douglas technolagy sector-specific
externality. They show that if both countries are charamter by endogenous
fluctuations in autarky regime then the world market is alsaracterized by en-
dogenous fluctuations.

4.3 An indficient endogenous fluctuations

Inefficient endogenous fluctuations occurs in North and Southrihdédollowing
set of parameterg = 0.7,n = 0.2575 6, = 0.795 pg = 1,k =0.65,y = 0.735 v =
1.1308 y = 460. We use the same set of parameters to simulate the work&tna
business cycle, i.e. the cas¢in Proposition 4. In doing so, we obtain similar
numerical result between autarky and trade regime andferelnt interval for
the bifurcation parameter: the elasticity of the intertenap substitution in the
consumptiory. Indeed, in autarky regime, the admissible range:is264= 7 ,
while in the trade regime > 309= y’ .. Then the following Proposition holds:

Proposition 6 . Under Assumptions 1-7 and for given parameters

aN, a5, 8", en, yh, and yL.., North and South are in a free trade regime,
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then the following result holds:

iJifye (1, yfut) North and South are locally determinate;,

ijify e (y,fut, yfree), North and South are subjected to ffigient endogenous
fluctuations in autarky but are stabilized in free trade regi

ii] if y > vl North and South are subjected to jheient endogenous

fluctuations in autarky and in free trade regime.

As soon as ingicient endogenous fluctuations are considered, similagonc
sions are obtained.

5 Stabilization policy

The result of the previous section emphasizes that the vemdchomy may ex-
hibits dficient endogenous fluctuations, it raises the necessity tdlaligation
policy directed by the policymarker that would stabilize #ttonomy. In a context
of an dficient endogenous fluctuations, the introduction of a fiscéity based
on transfers and taxes could simultaneously stabilize tba@my and move the
equilibrium to the optimal steady state which provide anaktpvel of utility to all
generation¥. In the present section, it is proven that a fiscal policyteximder
the assumption that agents and policymaker do not makedstiag mistakes.

Consider that the policymaker buy goods, levies taxes arkestransfers
under balanced budget rule. L@t be the flows of consumption goods which is
bought,B4: > O(< 0) the taxes (transfers) on the income of period of djfg =
{c,d}, for generatiort. In countryi, i = {N, S}, the intertemporal maximization
problem (38) turns to:

|

max {U (C{, DHl) | Wi +ﬁc,t = ﬂc,tC{ + ¢|t’ 7Td,t+1Dit+1 = Rt+1¢t +ﬁd,t+1} (38)

C{’Dit+l r

The optimal saving function becomes:

T (weBer) % y‘ﬁd.t+lnc,d
¢ = ( ) (39)

73 7
Res1llcg+I" (——6 Rt}llnc’d )

13See Reichlin [29].
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wherell.q4 = ﬂ:ﬁl Consider Proposition 1, the scaling paramdtes written
as:

1

i _ kp(ky) il
I'(k,y) = R(k,y) eg (5v[w(k,y)—k(k,y) pky)] ) (40)

wherer (k,y) = T1 (k,y), p(ky) = -Ta(ky), w(ky) = Ta(k y). Let,

B2 = Pk Y) [ROCY) Tlog + T (k. y) (L0 ) ](nc?ﬁﬁky))y

0 Realleq | (41)
_kt+1pt [Rt+1Hcd + FI (k y)( RHl Cd) ]
Ber = Wk y) — W (42)
Iky)
whereR(k,y) = Y]
PluggingBet = Bet> Bdtst = Bars1» Bers1 = Barsz = 0 into (39) gives
r w(k,y)( et R(kg)nc’d )y
= (43)

SRk g\
R(k’y)Hc’dﬂ,p(lr)?ﬂ)

It follows that if agents believe the announced policy ruakey will expect
the optimal steady state to hold in the future. This expemtah turn drives the
system to the steady state and keeps it there forever.

6 Concluding remarks

This paper considers thdfect of international trade on the co-movement of en-
dogenous business cycle in two-large countries Heckgohén free trade equi-
librium. Our main result shows that market integration camlsource of stability
at the world level. Indeed, considering a common market,hictvpatient coun-
try are net exporters of the capital intensive good, we havequl that endogenous
fluctuations can occur at the world level once trade openswehdogenous fluc-
tuations occur in autarky for each countries. In this casehawe shown that
the scope of endogenous fluctuations in the trade regimeafieanthan autarky
regime, thus market integration has a stabilizifiiget. Finally, we prove that
some fiscal policy rules can prevent the existence of busiogsle fluctuations
in the world economy by driving it to the optimal steady stagesoon as it is
announced.
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7 Appendix

7.1 Proof of Proposition 1
Let (k‘*,y‘*) € (O,Ri) X (O,Ei) andIl, , = G)'%% Solving the equation (16) with
respect td" yields to:

r (ki*’yi*’yi) _ Hic,d [%]m >0 (44

Solve the equation (17) with respectgpyields to:
ol (K. y") = 1+ L4

(45)

R
(ki*,yi*) is a normalized steady state if and only[if = T" (k‘*,y‘*,yi) andg), =
0l (K. y*)- N

7.2 Proof of Proposition 2

The two diference equations (13)-(14) are linearized in the neighdmuttof the
normalized steady state. In our setting, the existencecaf ladeterminacy occurs
if the characteristics roots associated with the lineéionaaround the normalized
steady state are less than 1 in absolute value. Let us demoteritical bounds
ony' which appears to be important for the stability propertiethe normalized

steady staték‘*, y‘*):
Vo = T V1 = ﬁi_—gj (46)

Under Assumptions 1-3, the characteristic polynomial isfingel by
PA) = 12 - AT + 9 where:

L+a' (y-1)el, {[1—bi (V)] +6202R }+sirk b (vi—v+Rblaiger)
[1-0'(v-v)] e -D)biocel,
P o =
(1-9)b6cai (y-1)
Following Grandmont et al. [17], we study the local dynanpesperties by
analysing the traceZ' and the determinar'. This methodology allows to anal-

yse the variation of the trac&' and the determinari®' by choosing a bifurcation

(47)

(48)
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parameter. In this setting, the bifurcation parameter shoas the elasticity of
intertemporal substitution in consumptigh Then the variation of the tracg”
and the determinar#' in the (7', ') plane will be studied ag evolves continu-
ously within (1 +0). The relationship betweefr' andZ' is given by a half-line
A (f‘) which is characterized from the consideration of its exttes (Figure 1).
The starting pointis the couple (lim,,., 7' = 7, lim,i_,. 2' = 2.,), while the
end point is the couple (lim,; 7' = 7;,lim,_; 2' = 2)).

Al (9‘) is obtained from the two dfierence equations (13)-(14), solvidg'
and %' with respect tar (' - 1) yields to the following relationship:

N(T) = Dl + ST - T)

where the slope”', ' and.7! are:
sol1-blrol[1-b(r—r)]

yi_ —

T (1-9{1+eb(vi—v+Rhbv))

© 7 (1-a)1-9’ T T " T1-b(v-v)]bec

(49)

i [1—b(v—z)] 2+0§b2R

> I, (50)

gi
yH_"
B 3
yi
7) 0 1
24
NC N
Nz (x&
N X® /X®
\/65 /\\0

[ ]Saddle [ ] Source [[] Sink

Figure 1: Stability triangle and’ (9‘) segment.
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Let us compute?!_ (-1):

P(-)=1+ T + 7, = [P flb()][l)a’ b(9)] >0 (51)
where: i - _ ,
v, = 1+((jjj?))9°, = 1-§;*_j)>9c, 7= (52)

Let consider the two cases of Proposition 2:
i] Consider thab' < 0 ande’ € (3, %5) so thatZ, > 1, 7! < 0 andZ”., (1) > 0.

2°1-¢
Let assume tha, < 6 implying thatv}) < vi andbl, < b}, where:

_ . g s i Vi —Vi i 1
0= mln{a+(1—2ai)(1—§)’ aug_ai(l_g-)}’ b = —mome o= 55y (83)

Undery' € (z‘,vio) andb' > b' we getZ, = ~cand Z., (-1) = 1+ 7. + 7\, <

bi = maX{— ai+(J]:C;ai)9C s ai+(;;a§ )Oc} (54)

1§

Finally, 7, = +eoif and only if v < v}, b' > b} andée!,, > &, with

Ehat = —m (55)

Using the expression o' andZ' allows to show that whe®' = 1, .7 > -2 if
and only if:

1+ e {[o' (- D] lgs 2, (b) + 0 (v - v + Rble'6')} < 0 (56)

[1]

where:
2, (b)) = 2R0'2 + 20000 [1- b (v = V)| + [1 -0 (v - Ki)]2 >0  (57)

and if i i i
[ (= D] lgnoa= 220 E0) (58)

b'6c(al -

Assume that' = v} — dv' with dv' > 0 small, it follows tha&E in (56) is negative.
As aresult7 > -2 if and only if:

(- 1
2 P WWEZI () ey R (59)
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Moreover there exist!, < &y such that7' = 2 whene!, = &,. Therefore,
' € (-2.2) as long assl, (&l,. ). Denotedi’ the value ofdy' such that the
denominator of (59) is equal to zero. The maximal admissiélee ofdy' is such
thatdy' = min{d¥, vy - /. It follows that whenv' € (5, v,) with 7 = v} — dv/,

0. < B, b € (pi,B') ande), € (). 5)), A(77) is between7' ¢ (-2,2) when
2' = 1. Result follows.

iij]@ < o andb' < 0 so thatZ', € (0,1), 7! < 0 andZ' (1) > 0. Under
v € (vi,v) andbl e (b}, b), we get# (-1) > 0, 7} = —c0 and 7} = —co. A
Flip bifurcation occurs it7' < 0 whenZ' = —1. Under these conditions, one get
from A' (77) (47)-(48) that:

Fi= % gi (60)

yl
Direct computation shows thaf' < 0. The half-lineA’ (9‘) crosses the line
1+ .7} + 2. ifand only if #' > 1 which implies that!, > &.,..

7.3 Proof of Corollary 1

This proof is based upon similar arguments of Proof of Pritjppsl. Using the
equations (27)-(28), the three scaling parameters are:

1
SRS R N 61
™= R{ (1+657)¥2—sSrR-1 } (61)
rs =1 (62)
0g=1+55[2- (N +a%) - (2— " - a®)v| (63)
(x*,¢*) is a normalized steady state if and onlyrf = TN («*, Z*, ), I'S = 1 and
O = 64 (", 7). [

7.4 Proof of Proposition 3

The proof is based upon arguments similar to Galor and Lif [ILBt 6N > 65,
as a result the North country is more patient than the Southteg i.e.¢> < ¢N.
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Let expresk® andy® in terms ofkN andyM so that

kS = kN + dk yS = yN + dy, (64)

with dk, dy > 0.
The world market condition for mixed good imply the followinelationship:

2N + 2dk = £ + 2kN + dk (65)
with £ = 2N + 5. From the Rybczynsckifgect, (65) can be express as:

Loak=¢+2(kN-yN)20bz20 (66)
Then the more patient country exports the capital interngoges. [ ]

7.5 Proof of Proposition 4

From (12), one gets:

o = 200 s (67)

Rllcg

Under Assumption 1, the first order conditions of firm’s profiaxmization
prOblem (25) yleld & T12 = —Tllb, Too = Tllbz, T31 = —T11a andT32 = Tllab.
7 andZ are obtained from the linearization of the twdfdrence equations (27)-
(28) in the neighborhood of the steady state. Let defile= 25— andAS =
2_5,"_23. To pursue the analysis, we linearize the twfietence equations (27)-
(28) in the neighborhood of the steady state. Let us definectitioal bounds on
v which appears to be important for the sign of the tra€end the determinant

9.

2—(aN+e5)6;
Vo = —2_(,1\21_(,5, V1 = (%. (68)
Under Assumptions 1-2 and 5-7, the characteristic polyabmidefined by
PA) = 22 - AT + 2 where:

2+2¢&k ((tN AN4qS AS)()/—l){[l—b(V—X)] 2+9§Rb2}+bsrk [V1—2V+Rt(aN +(ts)9¢vw]
= 2blcerk (aN AN1 @S AS) [ 1—b(v—z)] (y-1)

(69)

14See Benhabib and Nishimura [5] and Bosi et al. [7].
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20c(aNAN +05AS ) (y-1)
Sw{l—b[v—vo+J—L}}
2-aN-oS
9 = (70)

boc(1-s%) (N AN-+aSAS) (y-1)
Let consider the two cases of Proposition 4:
i] Consider thab < 0 ande € (3,@) so thatZ., > 1, 7, < 0 and 2. (1) > 0.

Let assume that, < § = 7 implying that

y<vog<va<Ww

— 71
by <b<b<bs (71)
where
_ 2+2(1-aN-a®)8; by = _n-2
Vo = (Z—Q'N—afsj s M1 : _m (72)
b= b=

Undervy € (K, vz) andb > b; we get%; = —o0 and £, (-1) < 0. Finally,
T =+ ifand only if v < vq, b > by andegg > ep With

_ 2
€1kl = T RE(aN 1S Yoo (b-by) (73)

Using the expression o and Z allows to show that whety = 1, .7 > -2 if
and only if:

1+ enc{le(y = D] lg=1 P2 (b) + b(v1 - 2v + Rb(a" + %) 6v)} < 0 74)

==

where:
2.5 (b) = 2RE + 20b[L-b(v = y)| + [1-b(v-¥) >0  (75)

and .,
[ Oy = D] lo=1= S (76)

Assume thav = vo — dv with dv > 0 small, it follows that= in (74) is negative.
As aresult7 > -2 if and only if:

_ 1
gk = [e(-D]12-12-2(0)+Rb(eN +aS)dcv(b-Dby) (77)

Moreover there exist, < gy suchthat7 = 2 wheney = &y with:

T T [a(y—l)]|@=1%(b)+le(aN +as)(9¢v2(b—b1) (78)
25 (b) = 62RI? — 20b|1-b(v —v)| + [1-b(v-y)| >0
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Therefore,7 € (-2,2) as long asx (grk,Erk). Denotedy the value ofdv such
that the denominator of (77) is equal to zero. The maximalissifrie value ofly
is such thatly = min {dT/, Vo — K}- It follows that wherv € (v, vo) with ¥ = vo—dv,
0c < 0, b € (b,b) ande € (g,,.2x), A7) is betweenZ € (-2,2) whenZ = 1.
Result follows.

ii] Leta < @ andb < 0 so thatZ,, € (0,1), 9, < 0 and#,, (1) > 0. Under
v € (v.v0) andb € (bs, by), we getZ., (1) > 0, F1 = —c0 and%; = —oo. A Flip
bifurcation occurs if7 < 0 whenZ = —1. Under these conditions, one get from
A () (49) that:

7= M2y g (79)

Direct computation shows thaf < 0. The half-lineA (.7") does not cross the
line 1+ 7, + Y. if and only if ¥ < 1 which implies thak, < g. This prove
the second part of the proposition. ]

Hopf & Transcritical bifurcations. Flip bifurcation.

Figure 2: Local indeterminacy.
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